
Math 438 ACTIVITY 13: Solving LP Problems using the Simplex Algorithm 
 

WHY:  This activity is designed to help you understand the process of solving linear programming problems using 
matrix methods.  The Simplex Algorithm formalizes the minimum ratio rule and the search for an optimal 
extreme point. It also provides an explicit test for unboundedness and a clear stopping rule, so that we have a 
usable algorithm for solving problems (and for computer implementation). 

 

LEARNING OBJECTIVES:  
 1. Discover how to set up the simplex tableau, choose a pivot element, and determine the next tableau. 
 2. Discover when an optimal solution has been reached or when such a solution does not exist. 
 3. Understand how pooled group insight is greater than the sum of its parts. 
 

CRITERIA: 
 1. Quality of the answers to the Critical Thinking Questions. 
 2. Quality of the teamwork used by the team to transfer knowledge from the minimum ratio solution process to the simplex 

method. 
 

PLAN: 
1. Read the methodology 
2. Look over the model and answer the Critical Thinking Questions. 
3. Complete the Exercise, using the Maple Worksheet [Activity13v10.mw in Public/Courses/Math438] 
4. Answer the Critical Thinking Questions 
 
 

METHODOLOGY: 

1. Put in Standard Form  Add slack  variables to put the problem in the form: Minimize CTX subject to AX = b, X ≥ 0. 

 

2. Form Initial Tableau  Append  b  to the right of  A  and insert a new row and column for the condition  

-CTX + z = 0 (This puts the negatives of the objective function coefficients in the bottom row.) 

 

3.Identify the initial basis, BFS, Find an identity matrix in A. The basic variables are the variables whose columns contain the  

    and value of the objective  pivots, and their values are given by reading across to the column for b . If the bottom 

row entries    below the pivots are all 0's, the entry in the bottom right corner is the value of the 

objective; If     they are not all 0's, perform  pivot operations as needed to make them 0's 

[This is needed to     represent the objective in terms of the nonbasic variabes]  

 

4. Identify an entering column Pick a column with a positive entry in the bottom row [usually choose largest positive entry] 

 

5. Calculate row ratios  Divide the positive column entries [for the chosen column] into the rightmost column entries 

 

6. Identify Pivot Element  Find the element in the column (from 4) which gives the minimum ratio (in 5). 

    and pivot to find new basic Perform a Gauss Elimination pivot operation using this element as the pivot to get the next  

    solution   tableau 

 
7. Identify the new Basis   The new basis matrix  B consists of the columns from the original A  matrix [not the tableau]  

    matrix, BFS and value of   which correspond to the Identity columns in the tableau. The basic variables are the variables 

    the objective    whose columns contain the pivots, and their values are given by reading across to the last  

   column. The value of the objective is in the bottom right corner. 

 

8. Repeat Steps 4-7  Check the bottom row of the simplex tableau for another positive entry. 

If all bottom row entries are ≤ 0 the optimal solution has been reached.   

If there is a positive entry in the bottom row  for which none of the  column entries above it  are 

positive,  then the problem is unbounded and there is no optimal solution.  

 

 

RESOURCES: 
 
1. Section 3.3: Strategic Mathematics, especially examples 3.3.5 and 3.3.6. 
2. The Maple Worksheet Activity13.mw in Public/Courses/Math438 

3. 30 minutes 
 

MODEL   



minimize  -3x1 - 2x2 

subject to  2x1 + x2  ≤  80    

    x1 + x2  ≤  50   

  x1 ≥ 0,  x2 ≥ 0 

 

1. Put in Standard Form  Add slack variables to put the problem in the form: Minimize CTX subject to AX = b, X ≥ 0. 
 
    minimize -3x1 - 2x2    

    subject to  2x1 + x2 + x3      = 80   

    x1 + x2      + x4 = 50   

  x1 ≥ 0,  x2 ≥ 0, x3 ≥ 0, x4 ≥ 0 

C = [-3  -2]T 

A =



2 1 1 0

1 1 0 1   , X = [x1 x2 x3 x4]T 

b = [80  50]T, Initial B = 



1 0

0 1   

 
2. Form Initial Tableau  Append  b  to the right of  A  and insert the negatives of the objective function coefficients in the 

bottom row. 

 

 Initial tableau = 

2 1 1 0 0 80

1 1 0 1 0 50

3 2 0 0 1 0

















 

 
3. Identify the initial basis, BFS, and value of the objective 

 

The initial basis matrix is  



1 0

0 1   The basic variables are  x3 and x4 since the Identity submatrix of the coefficient 

matrix corresponds to these variables. The initial basic feasible solution is  [0  0  80  50]T (first row of tableau  has 1 in 
x3 column and gives value 80, second row has 1 in x4 column  and gives value 50) and the value of the objective is 0. 

 
4. Identify an entering column  

The first column has a positive value (3) at the bottom. [The second column does, too - either can be used, but 3 is 
bigger than 2, so we'll use  column 1 first because we expect to improve our value by 3 times whatever value we can put 
into x1]  

 

5. Calculate row ratios 

Dividing the first column into the last column we get the following ratios:  80/2 and 50/1.  The minimum ratio is in the 
first row  (80/2 = 40).  Note that we do not divide the last row entry. 

 

6. Identify Pivot Element and pivot to find new basic solution 

 The pivot element is the 2 in position a11. 

The new tableau is  

  

1 0.5 0.5 0 0 40

0 0.5 0.5 1 0 10

0 0.5 1.5 0 1 120

















 

 

7. Identify the new Basis matrix, BFS and value of the objective 

 The new basis matrix  is 



2 0

1 1   -  columns 1  and  4 from A  because the identity submatrix is in these columns. 

The basic feasible solution is   [40  0  0  10]T   [first row of tableau has 1 in the x1 column, value  40, second row has 1 

in the x4  column, value 10] The value of the objective  is -120  [it has been decreased – as we intended – by 3 times the 

value of x1] 

 

8. Repeat Steps 4-7 

 

 There is a positive value below the second column in the (new) tableau, so we are not done [the 0.5 in column 2  tells us 
we can improve the value of the objective by .5 times whatever value we can put into x2.] 

The ratios for the rows are  40/.5 = 80 for row 1 and  10/.5 = 20 for row 2 - smallest is in row 2, so our pivot is at a22 



The new tableau is  

1 0 1 1 0 30

0 1 1 2 0 20

0 0 1 1 1 130

















 

The basic variables are x1 x2 , the basis matrix is 



2 1

1 1    (columns 1 and 2 from A) 

Basic feasible solution is [30 20 0 0]T  with value  –130 for the objective [noticce the value decreased by .5 times the 
value (20)  “put into” x2]. This is the optimal solution, since all entries in the bottom row are now 0 or negative. 

 

DISCUSSION: 
 
Step 1.   Put in Standard Form 
 
 In order to solve a problem using the simplex method we must replace the constraint inequalities by equalities.  This is 

what is done by converting the problem to standard form.  Doing this increases the dimension of the feasible region, but 
there is a 1-1 correspondence between the extreme points of the original feasible region and those of the new feasible 
region.  Thus, solutions to the problem in standard form yields solutions to the original problem. 

 
Step 2.   Form Initial Tableau 
 

 If we set  z = CTX, we can treat the objective function as another constraint ( z - CTX  = 0).  We need to add a z column 

to the A matrix and then adjoin the  b  vector to get the initial tableau as follows: 

  

  

A 0 b

-CT 1 0









 

 
Step 3.  Identify the initial basis, BFS, and value of the objective 

 

 We do not need these items for carrying out the calculations - we do need them for discussing what is going on and 
(soon) for proving that the simplex algorithm works as claimed. [We will be most interested in the final basis matrix] 

 
Step 4.   Identify an entering column 
 
 Our goal is to minimize the objective function, so we try to increase variables which have negative coefficients.  Note:  

The corresponding entries in the bottom row will be positive.  The column with the largest positive bottom row entry is 
usually chosen for insertion into the basis, but any column with a positive bottom row entry can be brought into the 
basis. The value at the bottom of the column tells the improvement (decrease) we can cause in the objective function for 
each unit increase in the variable (as we bring it into the basis). 

 
Step 5.   Calculate row ratios  
 
 As in our algebraic search method, we need to know which basic variable will be forced out of the basis by the variable 

coming in (represented by the column).  For each row (except the bottom row - which is special) we calculate the ratio 
constant (from right)/coefficient (in the column). The row ratios tell us which constraint is critical - the basic variable 
corresponding to the row with smallest positive ratio (its "1" is in that row) is the one that will be forced out [the new 
entering variable will "take over" that row]. A negative or 0 ratio tells us that this row will not give a pivot.  

 
Step 6.  Identify Pivot Element and pivot to find new basic solution   
 
 The pivot element is the element in the column we selected (positive number in the bottom row) which has the smallest 

ratio in step 5 (matches the critical constraint). Once we complete the Gauss-Jordan pivot operation, the pivot column 
will be transformed into a column of the identity matrix, and the column corresponding to the variable we are removing 
from the basis will no longer contain a pivot. The pivot operation is  carried all the way down into the bottom row so 
that we can see the new value of the objective and see which variables are now worth brining into the basis. 

 
Step 7.  Identify the new Basis matrix, BFS and value of the objective 
 
 The new Basic Feasible solution may be our optimal solution, and the value may be our optimal value. 

To read the new basic feasible solution, see which columns contain the pivots, and, for each basic variable, read across 
from its pivot to the value in the last column of the tableau. 
Identification of the basis is necessary for our theory – not for the mechanics of calculating. Notice the basis matrix is a 



submatrix of the original matrix A  - not of the revised tableau. [Preview - B  is the matrix that has been reduced to the 

Identity by our row operations - so both B  and B
-1

 will be of major importance in checking that all this always works] 
 

Step 8.   Repeat Steps 4-7 

 

Often, there are other positive bottom row entries in the revised simplex tableau.  Choose one of these as a pivot column 
and repeat the above matrix manipulation process.   
NOTE 1: If all bottom row entries are ≤ 0 the optimal solution has been reached [bringing other variables into the basis 
will not improve the value]. 
NOTE 2: If some column has a positive bottom row entry but no positive entries in the column above, then increasing 
the value of the variable will not force others out of the basis - the variable can be increased without bound (we can 
increase the value by moving along a direction vector of the reasible region) and will keep decreasing the objective 
(because of the  positive entry in the bottom row) so the objective function is unbounded - there is no optimal solution.  

 
 

EXERCISE: 
[Use Maple worksheet Activity13v10.mw in Public/Courses/Math438  to carry out calculations]  
   minimize   x1 - 2x2 -  x3     

subject to   x1 + x2 + x3  ≤  5   

   4x1 - x2 + x3  ≤  6   

    x1 + x2         ≤  4  

x1 ≥ 0,  x2 ≥ 0, x3 ≥ 0, x4 ≥ 0,  x5 ≥ 0, x6 ≥ 0 

 
  Put in Standard Form 
 
    minimize x1 - 2x2 - x3       

subject to  
  x1 + x2 + x3  + x4                 = 5   

  4x1 – x2 + x3        + x5            = 6   

    x1 + x2                       + x6   = 4 

 x1 ≥ 0,  x2 ≥ 0, x3 ≥ 0, x4 ≥ 0 

 

 

 

 

 

 

C = [1  -2  -1]T 

A = 

1 1 1 1 0 0

4 1 1 0 1 0

1 1 0 0 0 1

















, X = [x1 x2 x3 x4 x5 x6]T 

 

b = [5  6  4]T ,   Initial B = 

1 0 0

0 1 0

0 0 1

















. Form the 

1. Form the Initial Tableau – it is already entered in the Maple worksheet – notice the pieces. 
 
2. Give the initial basic feasible solution (variables and values) and the value of the objective function. 
 
3. Select a pivot column [positive entry in the bottom row] and compute the row ratios (write them down) The pivot row 

will be the row with the smallest positive ratio. 
 
4. Perform the pivot. Write down the new basis matrix, the new basic feasible solution, and the new value of the objective 
 
5. Continue - at each step write the basis matrix, the basic feasible solution, and the value of the objective - until there are 

no positive entries in the bottom row.  
 
 What is your optimal solution and objective value? 
 

CRITICAL THINKING QUESTIONS: 
  1. How does step 6 in this methodology implement the minimum ratio rule? 
 
  2. Why do we look for positive bottom row entries to find a column to bring into the basis (a variable to become basic)? 
 
  3. How do we know we have reached an optimal solution using the simplex method?  How was the optimal solution (final 

BFS) represented in the tableau  (i.e. how did we know the values of the variables from the final tableau)? 
 
  4. How can we tell from a simplex tableau that the objective function is unbounded, so that there is no optimal solution? 
 



  5. Which was the most difficult step in the methodology to understand?  Can you reword it and its discussion to make it 
clearer? 


